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Motivation
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(2-)fam-arrow structures

Def. (fam-categories) C category
+ fHom(c) for c ∈ C

c λ

+ ◦ : (c)× Hom(c′, c)→ fHom(c′)

c′ c
f λ

1 λ ◦ 1c = λ

2 λ ◦ (g ◦ f ) = (λ ◦ g) ◦ f

Def. (discrete fibrations) p : E → B
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Σ-objects in fam-categories

Def. (Σ-objects) C fam-category

Def. (Discrete comprehension
categories) p : E → B disc. fibration

E B[1]

B

p

P

cod

morph. in E
P−−→ cod-cart. morph.
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The equivalence

(2-fam,Σ-categories) Split comprehension categories
1 category C base category B
2 family arrow over c ∈ C object e over b ∈ B
3 precomposition λ ◦ f cartesian lift f (e) : f ∗(e)→ e
4 2-family arrows η : λ→ µ vertical arrows v : e → e′

5 prλ1 :
∑

c λ P(e) : P0(e)→ b
6

∑
λ f :

∑
c λ ◦ f →

∑
c λ P0(f (e)) : P0

(
f ∗(e)

)
→ P0(e)

7
∑

λ,µ η :
∑

c λ→
∑

c µ P0(v) : P0(e)→ P0(e′)

6 + 7 : here P0 := dom ◦P

10 / 18



Dependent arrows in fam-categories

C fam-category
+ collection dHom(c, λ) for every family
arrow λ
+ precomposition

1 Φ ◦ 1c = Φ

2 Φ ◦ (f ◦ g) = (Φ ◦ f ) ◦ g

c′ c
f

λ
Φ
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Dependent arrows in 2-fam-categories

C 2-fam-category
+ collection dHom(c, λ) for every family
arrow λ
+ precomposition as before
+ postcomposition

1 1λ ◦ Φ = Φ

2 (ξ ◦ η) ◦ Φ = ξ ◦ (η ◦ Φ)
+ compatibility

3 (η ◦ Φ) ◦ f = (η ◦ f ) ◦ (Φ ◦ f )

c
λ

µ
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Dependent arrows for split fibrations

Given: split fibration
⇝ orth. fact. system (V , C) on E

⇝ discrete ambifibration q : G → E .

GV G

V E

qV
⌟

q

GC G

C E

qC
⌟

q

⇝ p ◦ q discrete fibration

E

B

p
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Dependent arrows and Σ-objects

In Type Theory

∑
x:A F(x) A U

F◦pr1

pr1 F

pr2 :
∏

z:
∑

x:A F(x) F
(

pr1(z)
)

C dep-category & (fam,Σ)-category
+ prλ2 ∈ fHom(λ ◦ prλ1 )∑

c′ λ ◦ f
∑

c λ

c′ c

∑
λ f

prλ◦f1 prλ1
λ◦prλ1

f
λ

prλ2

s.t. prλ2 ◦
∑

λ f = prλ◦f2
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A small remark

Given a comprehension category

E B[1]

B

p

P

cod

↔
E

B

P0 pP

via Pe := P(e) : P0(e)→ p(e)

15 / 18



Higher discrete comprehension categories

Def. start with P : P0⇒ p.

+ q : H → E discrete fibration
+ pr2 : E →H
+ ξ : q ◦ pr2⇒ idE s.t. p ∗ ξ = P

E

B

P0 pP
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The equivalence

(dep,Σ)-categories Higher discrete comprehension categories

1 dependent arrows Φ objects of H
2 precomposition Φ ◦ f p ◦ q(Φ)
3 prλ2 pr2(λ)
4 prλ2 ∈ dHom(λ ◦ prλ1 ) p ∗ χ = P
5 prλ2 ◦

∑
λ f = prλ◦f2 p ∗ χ = P
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