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What are realizability models?



Realizability

1 Provides models for theories↬ (such as HA2 / HOL / ZF / …)

Tarski

𝐴 ↦→ |𝐴| ∈ 𝔹

(intuition: level of truthness)

Realizability

𝐴 ↦→ {𝑡 : 𝑡 ⊩ 𝐴}

(intuition: programs whose computa-

tional behavior is guided by 𝐴)

2 a tool for analyzing programs computational behavior
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Realizability, a 3-steps recipe

𝑛𝑒𝑥𝑡 𝑠𝑙𝑖𝑑𝑒

1 formulas (a.k.a. types)
↬ simple types, 2nd − order logic , ZF, …

2 a computational system (a.k.a. your favorite calculus)
↬ some 𝜆 − 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠 , a combinatory algebra, PCF, etc.

3 formulas interpretation

Adequacy
If 𝔭 : (Γ ⊢ 𝐴) and 𝜎 ⊩ Γ then 𝜎 (𝔭∗) ∈ |𝐴|.
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A simple realizability interpretation

Types & terms: (excerpt)

1st-order exp. 𝑒 ::= 𝑥 | 0 | 𝑆 (𝑒) | 𝑓 (𝑒1, . . . , 𝑒𝑛)
Formulas 𝐴, 𝐵 ::= Nat(𝑒) | 𝑋 (𝑒1, . . . , 𝑒𝑛) | 𝐴→ 𝐵 | . . .

| ∀𝑥 .𝐴 | ∃𝑥 .𝐴 | ∀𝑋 .𝐴 | ∃𝑋 .𝐴

Terms 𝑡,𝑢 ::= 𝑥 | 0 | succ | rec | 𝜆𝑥.𝑡 | 𝑡 𝑢 | . . .

where 𝑓 : ℕ𝑛 → ℕ is any arithmetical function.

Typing rules: (excerpt)

Γ ⊢ 0 : Nat(0) Γ ⊢ rec : ∀𝑍 .𝑍 (0) → (∀ℕ𝑦.(𝑍 (𝑦) → 𝑍 (𝑆 (𝑦)))) → ∀ℕ𝑥 .𝑍 (𝑥)

Γ, 𝑥 : 𝐴 ⊢ 𝑡 : 𝐵
Γ ⊢ 𝜆𝑥 . 𝑡 : 𝐴→ 𝐵

Γ ⊢ 𝑡 : 𝐴→ 𝐵 Γ ⊢ 𝑢 : 𝐴
Γ ⊢ 𝑡 𝑢 : 𝐵

Γ ⊢ 𝑡 : 𝐴[𝑥 := 𝑛]
Γ ⊢ 𝑡 : ∃𝑥 .𝐴

Γ ⊢ 𝑡 : ∀𝑥 .𝐴
Γ ⊢ 𝑡 : 𝐴[𝑥 := 𝑛]

Γ ⊢ 𝑡 : 𝐴 𝑥 ∉ 𝐹𝑉 (Γ)
Γ ⊢ 𝑡 : ∀𝑥 .𝐴

Γ ⊢ 𝑡 : 𝐴[𝑋 (𝑥1, . . . , 𝑥𝑛) := 𝐵]
Γ ⊢ 𝑡 : ∃𝑋 .𝐴

Γ ⊢ 𝑡 : ∀𝑋 .𝐴

Γ ⊢ 𝑡 : 𝐴[𝑋 (𝑥1, . . . , 𝑥𝑛) := 𝐵]
Γ ⊢ 𝑡 : 𝐴 𝑋 ∉ 𝐹𝑉 (Γ)

Γ ⊢ 𝑡 : ∀𝑋 .𝐴

Reductions:

(𝜆𝑥.𝑡)𝑢 ⊲𝛽 𝑡 [𝑢/𝑥] rec 𝑢0 𝑢1 (succ 𝑡) ⊲𝛽 𝑢1 𝑡 (rec 𝑢0 𝑢1 𝑡) · · ·

Realizability interpretation:

|Nat(𝑒) |𝜌 ≜ {𝑡 ∈ Λ : 𝑡 ⊲∗ succ𝑛0, where 𝑛 = J𝑒K𝜌 }
|𝑋 (𝑒1, . . . , 𝑒𝑛) |𝜌 ≜ 𝜌 (𝑋 ) (J𝑒1K𝜌 , . . . , J𝑒𝑛K𝜌 )
| 𝐴 → 𝐵 |𝜌 ≜ {𝑡 ∈ Λ : ∀𝑢 ∈ |𝐴|𝜌 .( 𝑡 𝑢 ∈ |𝐵 |𝜌 )}
| ∀𝑥 .𝐴|𝜌 ≜

⋂
𝑛∈ℕ |𝐴|𝜌,𝑥←𝑛

| ∃𝑥 .𝐴|𝜌 ≜
⋃

𝑛∈ℕ |𝐴|𝜌,𝑥←𝑛

|∀𝑋 .𝐴|𝜌 ≜
⋂

𝐹 :ℕ𝑘→ SAT |𝐴|𝜌,𝑋←𝐹

|∃𝑋 .𝐴|𝜌 ≜
⋃

𝐹 :ℕ𝑘→ SAT |𝐴|𝜌,𝑋←𝐹

Key ideas:

• realizers compute

• realizers defend the validity of their formula

• truth values are saturated : 𝑡 ⊲∗ 𝑡 ′ ∧ 𝑡 ′ ∈ |𝐴| ⇒ 𝑡 ∈ |𝐴|
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

Topos
model

A realizability model

M ⊨ 𝐴 ⇔ ∃𝑡 .𝑡 ⊩ 𝐴

Tripos
realizability

PCA

Goal #1
Introduce an intermediate structure that connects

the logical and computational aspects
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Pitts’ PhD (80s)

Topos
model

Tripos
realizability

• A functor T : Set𝑜𝑝 → HpA with:

• quantifiers
• computability w. substitutions
• generic predicate

PCA

Goal #1
Introduce an intermediate structure that connects
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Pitts’ PhD (80s)

Topos
model

Tripos
realizability

PCA

Codes: a set 𝐶
Application: a partial binary operator
· : 𝐶 × 𝐶 ⇀ 𝐶 with the functional
completeness property.

Goal #1
Introduce an intermediate structure that connects
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This Talk: Goal #1

Pitts’ PhD (80s)

Topos
model

Tripos
realizability

PCA

No realizers!No logic!

Evidenced
frames

Goal #1
Introduce an intermediate structure that connects

the logical and computational aspects
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Computational Choices Matter

With side-effects come new reasoning principles:

• exceptions ∼ Markov’s principle

• control operators ∼ classical logic

• quote instruction ∼ dependent choice

• memoization ∼ dependent choice

• monotonic memory ∼ Cohen’s forcing

• monotonic memory ∼ nonstandard analysis

• …

But PCAs can only support non-termination!
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This Talk: Goal #2

Topos
model

Tripos
realizability

PCA
Evidenced

frames
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This Talk: Goal #2

Topos
model

Tripos
realizability

Evidenced
frames

PCA

. . .

. . .

computational
effects - MCA

Goal #2
Smooth integration of useful computational effects
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Realizability, the historical recipe



Partial Combinatory Algebras

Definition - PAS
A Partial Applicative Structure (PAS) (𝔸, ·) is given by:

• a set 𝔸 of “codes”,

• a partial application · : 𝔸 ×𝔸 ⇀ 𝔸.

Notations:

• 𝑐 𝑓 · 𝑐𝑎 ↓ 𝑐𝑟 means that 𝑐𝑟 is the (successful) result of applying 𝑐 𝑓 to 𝑐𝑎 ,

• 𝑐 𝑓 · 𝑐𝑎 ↓ means that there exists some 𝑐𝑟 ∈ 𝔸 such that 𝑐 𝑓 · 𝑐𝑎 ↓ 𝑐𝑟 .

Definition - PCA
A Partial Combinatory Algebra is a PAS that is “functionally complete”.
↬ For every expression 𝑒 with 𝑛 free variables, there is a code ⟨𝜆𝑛 .𝑒⟩ ∈ 𝔸 such that:

𝜆𝑛+1 .𝑒 · 𝑐𝑎 ↓ 𝜆𝑛 .𝑒{𝑐𝑎} and 𝜆0 .𝑒 · 𝑐𝑎 ↓ 𝑐𝑟 ⇐⇒ 𝑒{𝑐𝑎} ↓ 𝑐𝑟
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Partial Combinatory Algebras: examples

Examples of PCAs:
• Kleene’s first model K1

ℕ with partial recursive application 𝑎, 𝑏 ↦→ 𝜑𝑎 (𝑏),

• Kleene’s first model K2

ℕℕ with application 𝐹 : ℕℕ ×ℕℕ → ℕℕ,

• Scott graph model: P(ℕ) as a graph:

graph : 𝐹 ↦→ {⟨𝑛,𝑚⟩ | 𝑚 ∈ 𝐹 (𝑒𝑛)} ∈ (P(ℕ) → P(ℕ)) → P(ℕ)
fun : 𝐴 ↦→ 𝐵 ↦→ {⟨𝑚 | ∃𝑛.𝑒𝑛 ⊆ 𝐵 ∧ ⟨𝑛,𝑚⟩ ∈ 𝐴} ∈ P(ℕ) → P(ℕ) → P(ℕ)

• Domains: 𝐷 ≃ 𝐷 → 𝐷

• Any modelM of Peano Arithmetic:

(𝑎𝑏 = 𝑐) ≜M |= ∃𝑦.𝑇 (𝑎, 𝑏,𝑦) ∧𝑈 (𝑦) = 𝑐

• The 𝜆-calculus (and other term models).
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Historical factory: P(𝔸)-valued predicate

Predicates
A P(𝔸)-valued predicate on a set 𝑋 is a function 𝜑 : 𝑋 → P(𝔸).

𝑎 ∈ 𝜑 (𝑥) : 𝑎 is a realizer of 𝜑 (𝑥). We can define:

• (𝜑 ⇒ 𝜓 ) (𝑥) = {𝑎 ∈ 𝔸 | ∀𝑏 ∈ 𝜑 (𝑥), 𝑎𝑏 ↓ and 𝑎𝑏 ∈ 𝜓 (𝑥)},
• (𝜑 ∧𝜓 ) (𝑥) = {⟨𝑎, 𝑏⟩ ∈ 𝔸 | 𝑎 ∈ 𝜑 (𝑥), 𝑏 ∈ 𝜓 (𝑥)},
• (𝜑 ∨𝜓 ) (𝑥) = {𝜄1(𝑎) ∈ 𝔸 | 𝑎 ∈ 𝜑 (𝑥)} ∪ {𝜄2(𝑏) ∈ 𝔸 | 𝑏 ∈ 𝜓 (𝑥)}.

Entailment

We pose 𝜑 ≼ 𝜓 ≜ ∃𝑎 ∈ 𝔸, ∀𝑥 ∈ 𝑋, ∀𝑏 ∈ 𝜑 (𝑥), 𝑎𝑏 ↓ and 𝑎𝑏 ∈ 𝜓 (𝑥) .

Proposition
(P(𝔸),≼) is a pre-Heyting algebra.
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Models and triposes

Realizability model

M ⊨ 𝐴 ⇔ ∃𝑡 .𝑡 ⊩ 𝐴

Categorically speaking

a topos

Triposes

Topos
model

Tripos
realizability

PCA /
𝜆-calculus /

. . .
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Models and triposes

A tripos is a functor T : Set𝑜𝑝 → HpA s.t.:

↬ Intuition T (Γ) : predicates 𝜑 ( ®𝑥) 𝑠∗ ( 𝜑︸︷︷︸
∈T (Γ′ )

) ≜ 𝜑 ( 𝑠︸︷︷︸
𝑠 :Γ→Γ′

( ®𝑦))

Quantifiers. Any 𝑠∗ has left/right adjoints
∐

𝑠/
∏

𝑠 : T (Γ) → T (Γ′):

𝜑 ≤ 𝑠∗ (𝜓 ) ⇔ ∐
𝑠 (𝜑) ≤ 𝜓 𝑠∗ (𝜑) ≤ 𝜓 ⇔ 𝜑 ≤ ∏

𝑠 (𝜓 )

Compatibility w. substitutions.

If

Γ Γ′

Γ′′ Γ′′′

⌟
𝑟

𝑣 𝑢

𝑠

then
∏

𝑣 ◦ 𝑟 ∗ = 𝑠∗ ◦∏𝑢 and 𝑠∗ ◦∐𝑢 =
∐

𝑣 ◦ 𝑟 ∗ .

Generic predicate There exists Ω ∈ Set and holds ∈ T (Ω), s.t.:
for all 𝜙 ∈ T (Γ), we have 𝜒𝜙 : Γ → Ω satisfying

𝜒∗
𝜙
(holds) = 𝜙 𝜒𝑠∗ (holds) = 𝑠
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𝜒∗
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(holds) = 𝜙 𝜒𝑠∗ (holds) = 𝑠

↬ Intuition Ω = set of propositions holds(𝜒𝜑 ( ®𝑥)) ≡ 𝜑 ( ®𝑥)
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Models and triposes

A tripos is a functor T : Set𝑜𝑝 → HpA s.t.:
Quantifiers. Any 𝑠∗ has left/right adjoints

∐
𝑠/

∏
𝑠 : T (Γ) → T (Γ′):

Compatibility w. substitutions. …

Generic predicate. There exists Ω ∈ Set and holds ∈ T (Ω), s.t. …

Standard example (withH ∈ HpA)

T (𝐼 ) = H 𝐼 T (𝑠 : 𝐼 → 𝐽 ) = 𝜆(ℎ : H 𝐽 ) . ℎ ◦ 𝑠

Quantifiers. arbitrary meets/joins

Compatibility. yes.

Generic predicate. Ω ≜ H and holds ≜ 𝜆𝑥 .𝑥
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So far so good but:

• It is a heavy structure

• What about terms and the realizability interpretation?

Recently

Topos
model

Tripos
realizability

PCA / …

classical
realizability

[Streich
er 13]
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Effectful realizability, from an algebraic

perspective



The quest for a better world

?
Topos
model

Tripos
realizability

intuitionistic
realizability

classical
realizability

13/ 46



Algebrization of realizability models

Key observations : truth values live in P(𝔸) which

1 is a complete lattice ,

2 can be endowed with Kleene arrow :

𝜙 ⇒ 𝜓 = {𝑎 ∈ 𝔸 | ∀𝑏 ∈ 𝜙.𝑎𝑏 ↓ ∧ 𝑎𝑏 ∈ 𝜓 }

↬ for classical realizability, this applies to P(Π).

14/ 46



Algebrization of realizability models

Key observations : truth values live in P(𝔸) which

1 is a complete lattice ,

2 can be endowed with Kleene arrow :

𝜙 ⇒ 𝜓 = {𝑎 ∈ 𝔸 | ∀𝑏 ∈ 𝜙.𝑎𝑏 ↓ ∧ 𝑎𝑏 ∈ 𝜓 }

↬ for classical realizability, this applies to P(Π).

14/ 46



Implicative structures

FormulasTypes

Proofs𝜆-terms

In particular, 𝑎 ≼ 𝑏 reads:

• 𝑎 is a subtype of 𝑏

• 𝑎 is a realizer of 𝑏

• the realizer 𝑎 is more defined than 𝑏

15/ 46

Implicative algebras: a new (…)
Alexandre Miquel [2018]
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Implicative algebras

An implicative algebra is a complete meet-semilattice (A,≼,→) s.t.:

• if 𝑎0 ≼ 𝑎 and 𝑏 ≼ 𝑏0 then (𝑎 → 𝑏) ≼ (𝑎0 → 𝑏0) (Variance)

•
c

𝑏∈𝐵 (𝑎 → 𝑏) = 𝑎 →
c

𝑏∈𝐵 𝑏 (Distributivity)

together with a separator S ∈ A satisfying axioms.

Main results:

• System F’s terms and types can be interpreted in an adequate way:

If ⊢ 𝑡 : 𝐴 then 𝑡A ≼ 𝐴A .

• Any implicative algebra induces a tripos :

T :

{
Set𝑜𝑝 → HA
𝐼 ↦→ A𝐼/S[𝐼 ]

16/ 46



Great, but…

• implicative algebras : a (too?) minimal structure

realizers ∈ A ∋ formulas

• tripos: does not account for realizers

propositional logic ↔ Heyting prealgebra
quantifiers ↔ adjoints to substitutions

higher-order ↔ generic predicate

• lack of a smooth integration for

states / non-determinism / dependent types / …

In short

Two general structures, none account for realizers!
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Evidenced Frames



Evidenced Frame: A Unifying Framework for Realizability Models

propositions evidences 𝑒 realizes 𝜙1 → 𝜙2

( Φ , 𝐸 , 𝜙1
𝑒−→ 𝜙2 )

Intuitively: a “specification” of the minimal structure
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Evidenced Frame (Φ, 𝐸, · ·−→ ·)

19/ 46

Reflexivity. 𝑒id ∈ 𝐸 s.t.:
• 𝜙

𝑒id−→ 𝜙

Transitivity. ; ∈ 𝐸 × 𝐸 → 𝐸 s.t.:

• 𝜙1
𝑒−→ 𝜙2 ∧ 𝜙2

𝑒′−→ 𝜙3 =⇒ 𝜙1
𝑒 ;𝑒′−−→ 𝜙3

Top. ⊤ ∈ Φ and 𝑒⊤ ∈ 𝐸 s.t.:
• 𝜙

𝑒⊤−→ ⊤

Conjunction. ∧∈Φ×Φ→Φ, ⟨|·,·|⟩ ∈𝐸×𝐸→𝐸, and 𝑒fst, 𝑒snd ∈ 𝐸 s.t.:
• 𝜙1∧𝜙2

𝑒fst−→ 𝜙1

• 𝜙1∧𝜙2
𝑒snd−−→ 𝜙2

• 𝜙
𝑒1−→ 𝜙1 ∧ 𝜙

𝑒2−→ 𝜙2 =⇒ 𝜙
⟨|𝑒1,𝑒2 |⟩−−−−−→ 𝜙1∧𝜙2

𝜙1 ∧ 𝜙2
𝑒snd−−→ 𝜙27

Universal implication. ⊃ ∈ Φ × P(Φ) → Φ, 𝜆 ∈ 𝐸 → 𝐸, and 𝑒eval ∈ 𝐸:

• (∀𝜙 ∈ ®𝜙. 𝜙1 ∧ 𝜙2
𝑒−→ 𝜙) =⇒ 𝜙1

𝜆𝑒−→ 𝜙2⊃ ®𝜙
• ∀𝜙 ∈ ®𝜙.[(𝜙1⊃ ®𝜙) ∧ 𝜙1

𝑒eval−−→ 𝜙]



Evidenced Frame (Φ, 𝐸, · ·−→ ·)
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Reflexivity. 𝑒id ∈ 𝐸 s.t.:
• 𝜙

𝑒id−→ 𝜙

Transitivity. ; ∈ 𝐸 × 𝐸 → 𝐸 s.t.:
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Goal #1: An intermediate structure



PCA to Evidenced Frame

PCA
Evidenced

Frame

• 𝔸 set of “codes”

• partial application 𝑐1 · 𝑐2

• functional completeness

The triple (P(𝔸),𝔸, · ·−→ ·), where:

• a proposition in Φ = P(𝔸) is
defined by its set of realizers

• an evidence in 𝐸 = 𝔸 is a code

• 𝜙1
𝑒−→ 𝜙2 if for all 𝑒1 ∈ 𝜙1:

• 𝑒 · 𝑒1 terminates
• 𝑒 · 𝑒1 ↓ 𝑒2 ⇒ 𝑒2 ∈ 𝜙2

↬ connectives and their evidences are defined as

usual in realizability models
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Evidenced Frame to Tripos

Evidenced
Frame

Tripos

UFam construction
Given EF = (Φ, 𝐸, · ·−→ ·), the structure UFam(EF ) is defined by:

Predicates. Γ ∈ Set is mapped to ΦΓ ∈ HpA
• 𝜙 ≼ 𝜙 ′ ≜ ∃𝑒.∀𝛾 . 𝜙 (𝛾) 𝑒−→ 𝜙 ′ (𝛾) ↬ uniform entailment

• Heyting prealgebra: pointwise via Φ

Substitution. 𝑠 : Γ → Γ′ is mapped to T (𝑠) = 𝜆ℎ. ℎ ◦ 𝑠 ↬ as usual

Quantifiers.
∏

𝑢 ∈ Φ𝐼 → Φ𝐽 ≜ 𝜆𝜙.𝜆 𝑗 .
∏

𝑖∈𝑢−1 ( 𝑗 ) 𝜙 (𝑖) ↬ as usual∐
𝑢 ∈ Φ𝐼 → Φ𝐽 ≜ 𝜆𝜙.𝜆 𝑗 .

∐
𝑖∈𝑢−1 ( 𝑗 ) 𝜙 (𝑖).

Generic predicate. Ω ≜ Φ, holds ≜ idΩ , and 𝜒𝜙 ≜ 𝜙 . ↬ as usual
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From Implicative Algebras to Evidenced frames

Any implicative algebra (A,≼,→,S) induces an evidenced frame

UEF(A) ≜ ( A︸︷︷︸
prop.

, S︸︷︷︸
evidences

, · ·−→ ·) where 𝑎
𝑒−→ 𝑏 ≜ 𝑒 ≼ 𝑎 → 𝑏

↬ Proof. Connectives and quantifiers from the internal logic of A / evidences via the

expected 𝜆-terms.

Remark

• blurs the distinction btw. evidences & propositions

• UEF(A) is consistent if and only if A is.

• the implicative tripos T A and UFam(UEF(A)) are equivalent.
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From Implicative Algebras to Evidenced frames

imp. alg.
A EF TriposPCA

𝔹

classical
realizability

UEF(A) UFam(EF )

induced model

completeness
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Final picture

imp. alg.
A EF TriposPCA

𝔹

classical
realizability

induces
induces

completeness completeness

≊ext ≊int

induced model

completeness

Slogan

Tripos = evidenced frame that has forgotten its evidence.

23/ 46formalization available : https://www.i2m.univ-amu.fr/perso/etienne.miquey/

https://www.i2m.univ-amu.fr/perso/etienne.miquey/
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This Talk: Goal #2

PCA EF Tripos

induces

completeness

≊int

. . .

. . .

computational
effects ?
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This Talk: Goal #2

PCA EF Tripos

induces

completeness

≊int

. . .

. . .

computational
effects ?

Goal #2
Smooth integration of useful computational effects
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Monadic Combinatory Algebras



Reminder : PCA

Definition
A Partial Applicative Structure (𝔸, ·) is given by:

a set 𝔸 of “codes” + a partial “application” · : 𝔸 ×𝔸→ 𝔸

Notations:

• 𝑐 𝑓 · 𝑐𝑎 ↓ 𝑐𝑟 : 𝑐𝑟 is the (successful) result of the application 𝑐 𝑓 · 𝑐𝑎
• 𝑐 𝑓 · 𝑐𝑎 ↓ : ∃𝑐𝑟 ∈ 𝔸, 𝑐 𝑓 · 𝑐𝑎 ↓ 𝑐𝑟 .

Definition
A Partial Combinatory Algebra is a PAS that is “functionally complete”.

↬ for every expression 𝑒 with 𝑛 free variables, there is a code ⟨𝜆𝑛 .𝑒⟩ ∈ 𝔸 s.t.:〈
𝜆𝑛+1 .𝑒

〉
· 𝑐𝑎 ↓

〈
𝜆𝑛 .𝑒{𝑐𝑎}

〉 〈
𝜆0 .𝑒

〉
· 𝑐𝑎 ↓ 𝑐𝑟 ⇐⇒ 𝑒{𝑐𝑎} ↓ 𝑐𝑟

25/ 46



Monads

Definition
A monad𝑀 over a category ℂ is a functor 𝑀 : ℂ→ ℂ, with:

• 𝜂 : 1⇒ 𝑀 (unit) • 𝜇 : 𝑀𝑀 ⇒ 𝑀 (multiplication)

satisfying

𝑀 𝑀𝑀 𝑀

𝑀

𝜂𝑀

𝜇

𝑀𝜂
𝑀𝑀𝑀 𝑀𝑀

𝑀𝑀 𝑀

𝑀𝜇

𝜇𝑀 𝜇

𝜇

Computationally :

• 𝑓 : 𝐴→ 𝑀𝐵 : effectful program taking a value in 𝐴 and returning a
computation in 𝐵

• [𝑎] : 𝑀𝐴 stands for 𝜂 (𝑎) (‘return’)

• let 𝑥 ⇐𝑚 in 𝑛 : 𝑀𝐵 with 𝜆𝑥.𝑛 : 𝐴→ 𝑀𝐵 and𝑚 : 𝑀𝐴 (‘bind’)
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Monadic Applicative Structure
In this work: M is a Set monad

Definition
A Monadic Applicative Structure (MAS) over 𝑀 is a set of “codes” 𝔸
with a (Kleisli) application : (−) · (−) : 𝔸 ×𝔸→ 𝑀𝔸.

↬ PAS where partiality is replaced by any monad.

Intuitively:

• (−) · (−) takes two codes and returns a ‘computation’ of a code.

• codes = encoding of programs or inputs of programs.

• 𝑐 𝑓 · 𝑐𝑎 : computation executed by running 𝑐 𝑓 on 𝑐𝑎

Expressions

𝑒 ::= 𝑖 ∈ ℕ | 𝑐 ∈ 𝔸 | 𝑒 • 𝑒 𝐸𝑛 (𝔸) ::= {𝑒 | all 𝑖s in 𝑒 are < 𝑛}
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Evaluation

We follow the PCA historical presentation :

CbV Evaluation
Evaluation 𝜈 is defined by induction on 𝐸0 (𝔸) as follows:

𝜈 (𝑐) := [𝑐] 𝜈
(
𝑒𝑓 • 𝑒𝑎

)
:= let 𝑐 𝑓 ⇐ 𝜈

(
𝑒𝑓

)
in let 𝑐𝑎 ⇐ 𝜈 (𝑒𝑎) in 𝑐 𝑓 · 𝑐𝑎

↬ evaluation is reflected by an equality in 𝔸

↬ having an algebraic counterpart of evaluation would require switching to an ordered setting
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Monadic Combinatory Algebra

MCA
A Monadic Combinatory Algebra is a MAS 𝔸 s.t. for any expression
𝑒 ∈ 𝐸𝑛+1 (𝔸) there is a code ⟨𝜆𝑛 .𝑒⟩ ∈ 𝔸 satisfying the following laws:〈

𝜆𝑛+1.𝑒
〉
· 𝑐 = 𝜂 (⟨𝜆𝑛 .𝑒{𝑐}⟩)〈

𝜆0.𝑒
〉
· 𝑐 = 𝜈 (𝑒{𝑐})

(∀𝑒 ∈ 𝐸𝑛+2 (𝔸))
(∀𝑒 ∈ 𝐸1 (𝔸))

↬ this can also be expressed in categorical terms, see the paper

29/ 46



Example -

The sub-singleton monad:

• 𝑀𝐴 = {𝑆 ⊆ 𝐴 | ∀𝑥1, 𝑥2 ∈ 𝑆.𝑥1 = 𝑥2}
• 𝜂𝐴 (𝑥) = {𝑥}
• 𝜇𝐴 (𝑚) =

⋃
𝑋 ∈𝑚 𝑋

Riddle : what is the encoded effect ?

PCA is a special case of an MCA.
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Example -

•𝑀𝐴 = (𝐴→ 𝑅) → 𝑅 •𝜂𝐴 (𝑥) = 𝜆𝑘.𝑘 𝑥 • 𝜇𝐴 (𝑚) = 𝜆𝑘.𝑚 (𝜆𝑔.𝑔 (𝑘))

Riddle : what is the encoded effect ?

Such an MCA allows for 𝑒cc and 𝑒K𝑢
which save/restore continuations :

(𝑒cc · 𝑐𝑎) (𝑢) =
(
𝑐𝑎 · 𝑒K𝑢

)
(𝑢)

(
𝑒K𝑢
· 𝑐𝑎

)
(𝑢′) = 𝑢 (𝑐𝑎)

By defunctionalization, we obtain an abstract stack machine with states:

1 𝑒 ▷ 𝜋 eval state 2 𝑐 ◀ 𝜋 apply state 3 𝑐 final state

Operational semantics:

𝑒𝑓 · 𝑒𝑎 ▷ 𝜋 ↩→ 𝑒𝑓 ▷ 𝒕 (𝑒𝑎) · 𝜋
𝑐 ▷ 𝜋 ↩→ 𝑐 ◀ 𝜋

𝑐 ◀ ∅ ↩→ 𝑐

𝑐 𝑓 ◀ 𝒕 (𝑒𝑎) · 𝜋 ↩→ 𝑒𝑎 ▷ 𝒗
(
𝑐 𝑓

)
· 𝜋

𝑐𝑎 ◀ 𝒗
(〈
𝜆0.𝑒

〉)
· 𝜋 ↩→ 𝑒{𝑐𝑎} ▷ 𝜋

𝑐𝑎 ◀ 𝒗
(〈
𝜆𝑛+1.𝑒

〉)
· 𝜋 ↩→ ⟨𝜆𝑛 .𝑒{𝑐𝑎}⟩ ◀ 𝜋

31/ 46



Example - CPSCA

•𝑀𝐴 = (𝐴→ 𝑅) → 𝑅 •𝜂𝐴 (𝑥) = 𝜆𝑘.𝑘 𝑥 • 𝜇𝐴 (𝑚) = 𝜆𝑘.𝑚 (𝜆𝑔.𝑔 (𝑘))

Such an MCA allows for 𝑒cc and 𝑒K𝑢
which save/restore continuations :
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Example - CPSCA
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More Examples

Comb. Alg. Monad𝑀𝐴 return 𝜂𝐴 (𝑥) bind 𝜇𝐴 (𝑚)
Partial {𝑋 ⊆ 𝐴 | ∀𝑥,𝑦 ∈ 𝑋 .𝑥 = 𝑦} {𝑥} ⋃

𝑋 ∈𝑚 𝑋

Relational P(𝐴) {𝑥} ⋃
𝑋 ∈𝑚 𝑋

Stateful Σ→ P(Σ ×𝐴) 𝜆𝜎.{(𝜎, 𝑥)} 𝜆𝜎.
⋃
(𝜎 ′,𝑓 ) ∈𝑚 (𝜎 )𝑓 (𝜎)

CPS (𝐴→ 𝑅) → 𝑅 𝜆𝑘.𝑘 (𝑥) 𝜆𝑘.𝑚 (𝜆𝑔.𝑔 (𝑘))
Parameterized P→ {𝑋 ⊆ 𝐴 | ∀𝑥,𝑦 ∈ 𝑋 .𝑥 = 𝑦} 𝜆𝑝. {𝑥} 𝜆𝑝.

⋃ {𝑔 (𝑝) | 𝑔 ∈𝑚 (𝑝)}
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Realizability models

The good old recipe :

• P(𝔸)-valued predicates

𝜙 : 𝑋 → P(𝔸).

• Kleene arrow

(𝜙 ⇒ 𝜓 ) (𝑥) = {𝑎 ∈ 𝔸 | ∀𝑏 ∈ 𝜙 (𝑥) .𝑎𝑏 ↓ ∧ 𝑎𝑏 ∈ 𝜓 (𝑥) }.

Problem

We need to lift𝜓 ∈ P(𝔸) to an adequate set of computations𝜓 ∈ P(𝑀𝔸)
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M-modality

An 𝑀-modality over (Ω,≼) a complete HpA is a natural transformation:

^𝑋 : 𝑀𝑋 → (𝑋 → Ω) → Ω

s.t., writing ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙 (𝑥) ≜ ^ (𝑚) (𝜙) (“after𝑚, 𝜙 holds”), we have:

1 After / return :

𝜙 (𝑎) ≼ ⟨⋄𝑥 ← [𝑎] ⋄⟩ 𝜙 (𝑥)

2 After / Bind

⟨⋄𝑥 ←𝑚⋄⟩ ⟨⋄𝑦 ← 𝑓 (𝑥) ⋄⟩ 𝜙 (𝑦) ≼ ⟨⋄𝑦 ← let 𝑥 ⇐𝑚 in 𝑓 (𝑥) ⋄⟩ 𝜙 (𝑦)

3 Internal Monotonicity.

d
𝑐 (𝜙1 (𝑐) ⊐ 𝜙2 (𝑐)) ≼ ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙1 (𝑥) ⊐ ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙2 (𝑥)

34/ 46



M-modality

An 𝑀-modality over (Ω,≼) a complete HpA is a natural transformation:

^𝑋 : 𝑀𝑋︸︷︷︸
computation

→ (𝑋 → Ω)︸     ︷︷     ︸
predicate

→ Ω︸︷︷︸
truth value

s.t., writing ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙 (𝑥) ≜ ^ (𝑚) (𝜙) (“after𝑚, 𝜙 holds”), we have:

1 After / return :

𝜙 (𝑎) ≼ ⟨⋄𝑥 ← [𝑎] ⋄⟩ 𝜙 (𝑥)

2 After / Bind

⟨⋄𝑥 ←𝑚⋄⟩ ⟨⋄𝑦 ← 𝑓 (𝑥) ⋄⟩ 𝜙 (𝑦) ≼ ⟨⋄𝑦 ← let 𝑥 ⇐𝑚 in 𝑓 (𝑥) ⋄⟩ 𝜙 (𝑦)

3 Internal Monotonicity.
d

𝑐 (𝜙1 (𝑐) ⊐ 𝜙2 (𝑐)) ≼ ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙1 (𝑥) ⊐ ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙2 (𝑥)
34/ 46



M-modality

An 𝑀-modality over (Ω,≼) a complete HpA is a natural transformation:

^𝑋 : 𝑀𝑋︸︷︷︸
computation

→ (𝑋 → Ω)︸     ︷︷     ︸
predicate

→ Ω︸︷︷︸
truth value

s.t., writing ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙 (𝑥) ≜ ^ (𝑚) (𝜙) (“after𝑚, 𝜙 holds”), we have:

1 After / return :

𝜙 (𝑎) ≼ ⟨⋄𝑥 ← [𝑎] ⋄⟩ 𝜙 (𝑥)

2 After / Bind

⟨⋄𝑥 ←𝑚⋄⟩ ⟨⋄𝑦 ← 𝑓 (𝑥) ⋄⟩ 𝜙 (𝑦) ≼ ⟨⋄𝑦 ← let 𝑥 ⇐𝑚 in 𝑓 (𝑥) ⋄⟩ 𝜙 (𝑦)

3 Internal Monotonicity.
d

𝑐 (𝜙1 (𝑐) ⊐ 𝜙2 (𝑐)) ≼ ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙1 (𝑥) ⊐ ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙2 (𝑥)
34/ 46



M-modality

An 𝑀-modality over (Ω,≼) a complete HpA is a natural transformation:

^𝑋 : 𝑀𝑋︸︷︷︸
computation

→ (𝑋 → Ω)︸     ︷︷     ︸
predicate

→ Ω︸︷︷︸
truth value

s.t., writing ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙 (𝑥) ≜ ^ (𝑚) (𝜙) (“after𝑚, 𝜙 holds”), we have:

1 After / return :

𝜙 (𝑎) ≼ ⟨⋄𝑥 ← [𝑎] ⋄⟩ 𝜙 (𝑥)

2 After / Bind

⟨⋄𝑥 ←𝑚⋄⟩ ⟨⋄𝑦 ← 𝑓 (𝑥) ⋄⟩ 𝜙 (𝑦) ≼ ⟨⋄𝑦 ← let 𝑥 ⇐𝑚 in 𝑓 (𝑥) ⋄⟩ 𝜙 (𝑦)

3 Internal Monotonicity.
d

𝑐 (𝜙1 (𝑐) ⊐ 𝜙2 (𝑐)) ≼ ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙1 (𝑥) ⊐ ⟨⋄𝑥 ←𝑚⋄⟩ 𝜙2 (𝑥)
34/ 46



All good ?
Consider the PCA example, that is:

𝑀𝐴 = {𝑆 ⊆ 𝐴 | ∀𝑥1, 𝑥2 ∈ 𝑆.𝑥1 = 𝑥2}

What about the following M-modality?

⟨⋄𝑥 ←𝑚⋄⟩ 𝜙 (𝑥) ≜
d

𝑥∈𝑚 𝜙 (𝑥)

Consider :

• 𝑐⟳ ≜ ⟨𝜆𝑥 .𝛿𝛿⟩, that yields no value when applied,
• the predicates ⊤ = 𝑥 ↦→ 1 and ⊥ = 𝑥 ↦→ 0

Then we get:

⊤
𝑐⟳→ ⊥⇔ ∀𝑐 ∈ 𝔸.1 ≼ ⟨⋄𝑥 ← 𝑐⟳ · 𝑐⋄⟩ 0

⇔ ∀𝑐 ∈ 𝔸.1 ≼
l

𝑥∈𝜈 (𝑐⟳ · 𝑐 )
.0⇔ 1 ≼ 1
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Separator

A separator for ^ is:

• a combinatory complete subset S of 𝔸,

• such that, for every 𝑐 𝑓 , 𝑐𝑎 ∈ S, “progress” holds:

⟨⋄𝑟 ← 𝑐 𝑓 · 𝑐𝑎⋄⟩ 0 ≼ 0

.↬ when progress holds for all codes, 𝔸 is a separator

Packing all the ingredients we define

Monadic Core
A monadic core is a tuple (𝔸,Ω,^,S), where:

• 𝔸 is an MCA over a monad 𝑀 ,

• ^ is an 𝑀-modality over 𝔸

• (Ω,≼) is a complete HpA,

• S is a separator over them.
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Example - PCA

Monadic core

• sub-singleton monad

𝑀𝐴 = {𝑆 ⊆ 𝐴 | ∀𝑥1, 𝑥2 ∈ 𝑆.𝑥1 = 𝑥2}

• modality :

??
↬ applying 𝑒 s.t. 𝜙1

𝑒−→ 𝜙2 to 𝑐 s.t. 𝜙1 (𝑐), ⟨⋄𝑥 ← 𝑒 · 𝑐⋄⟩ 𝜙2 should express that 𝑒 · 𝑐
returns a valid code for 𝜙2

• separator:

the whole set 𝔸
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Example - Classical realizability (1/2)

Quick reminder from Krivine realizability:

• fix a ⊥⊥ (≃ “valid” computations)⇝ here, ⊥⊥ ⊆ 𝑅.

• orthogonality relation between 𝐴→ 𝑅 and 𝐴

𝑘⊥𝑎 ≜ 𝑘 (𝑎) ∈ ⊥⊥ 𝑡⊥𝑘 ≜ 𝑡 (𝑘) ∈ ⊥⊥

⇝ realizers of 𝜙 = computations in 𝜙⊥⊥ = {𝑡 | ∀𝑘.𝑘⊥𝜙 ⇒ 𝑡⊥𝑘}
• if ⊥⊥ is non-empty, there exists 𝑡 ⊩ ⊥
⇝ restrictions to proof-like realizers (no captured continuation).
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Example - Classical realizability (2/2)

• continuation monad

𝑀𝐴 = (𝐴→ 𝑅) → 𝑅.

• modality (𝑚 ∈ 𝜙⊥⊥), with fixed ⊥⊥ ⊆ 𝑅:

⟨⋄𝑥 ←𝑚⋄⟩ 𝜙 (𝑥) ≜
l

𝑘∈𝐴→𝑅

(( l

𝑎∈𝐴
(𝜙 (𝑎) ⊐ 𝑘⊥𝑎)

)
⊐𝑚⊥𝑘

)
• separator:

PL : codes obtained by combinatorial completeness extended with 𝑒cc
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The induced Evidenced frame

Theorem (Evidenced Frame over Monadic Core)

LetMC𝑀 = (𝔸,Ω,^,S) be a monadic core. The triple
(
Ω𝔸,S, · ·→ ·

)
,

where
𝜙1

𝑒→ 𝜙2 ≜ ∀𝑐 ∈ 𝔸.𝜙1 (𝑐) ≼ ⟨⋄𝑟 ← 𝑒 · 𝑐⋄⟩ 𝜙2 (𝑟 )

forms an evidenced frame.

Preuve : As usual! see the paper ;-)

Theorem
LetMC𝑀 = (𝔸,Ω,^,S) be a monadic core. Then the induced evidenced frame
has an evidence 𝑒 ∈ 𝔸 such that ⊤ 𝑒→ ⊥ iff 1 ≼ 0.

40/ 46
formalization available : https://github.com/dominik-kirst/mca/
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Conclusion & bonus



Conclusion

Goal #1 : introduce an algebraic structure for realizability models that
connects the logical and computational aspects.

• Any models induces a tripos (hence a topos)

• Implicative/arrow algebras : minimalistic axiomatization for some
models

Evidenced Frame are super cool

An algebraic structure accounting for realizability models.
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Conclusion

Goal #2 : Smooth and uniform integration of useful computational effects.

• Monadic combinatory algebras: natural combinatorial view on
monadic computations

• 𝑀-Modality to relate predicate on values and computations

MCA are really nice

Smoothly extend all the constructions/results for PCA.
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Bonus : Syntactic Realizability

Different tradition : Gödel’s Dialectica, Kreisel modified realizability, etc…

In a nutshell: from a derivation of Γ ⊢ 𝐴, produce

• a type 𝐴∗

• a term 𝑡 s.t. Γ∗ ⊢ 𝑡 : 𝐴∗

• which is a realizer of 𝐴

Goal #3: mimick the results obtains with MCA, and develop a unified
framework for syntactic realizability models.

We aim at a framework that:

• models expressive systems like HOL or type theory

• supports effectful computational interpretations

• enables the perspective of syntactic proof transformations

• can be formalized in proof assistants
43/ 46
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Contribution: Effectful Higher-Order Logic (EffHOL)

TYPES Polymorphic 𝜆𝑐 COMPUTATION

EffHOL

Deductive F𝜔 Evaluation Logic

LOGIC

𝜆𝑐System F𝜔

Higher-Order Logic
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Realizability Translation

Sort Proposition/Term

HOL

Kind Index Type Specification/Expression

EffHOL

J−KK J−KI J−KT J−KS

Theorem (Soundness)

If Γ ⊢HOL 𝜑 then there is 𝑝 : 𝑀 (J𝜑KT) such that
JΓKK | JΓKI ⊢EffHOL ⟨𝑥 ← 𝑝⟩ J𝜑KS (𝑥).

45/ 46formalization available : https://github.com/dominik-kirst/effhol/
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MCA, categorically (1/2)

Definition
For a Freyd category ⟨ℂ,𝕂, 𝐽 ⟩, an applicative object is an object
𝔸 ∈ Obj (ℂ) equipped with an application morphism ⊛ ∈ 𝕂 (𝔸 ×𝔸,𝔸).

Definition
Given 𝔸 applicative in ⟨ℂ,𝕂, 𝐽 ⟩, a morphism 𝑓 ∈ 𝕂 (𝔸𝑛,𝔸) is
𝔸-computable when, for all 𝑘 < 𝑛, and all 𝑐1, . . . , 𝑐𝑘 ∈ ℂ (1,𝔸),
there is a code 𝑒𝑓 (𝑐1,...,𝑐𝑘 ) ∈ ℂ (1,𝔸) s.t.:

1 ×𝔸𝑛−𝑘 𝔸 ×𝔸𝑛−𝑘 1 𝔸 ×𝔸𝑘

𝔸𝑘 ×𝔸𝑛−𝑘 𝔸𝑛 𝔸 𝔸

𝐽 ⟨𝑐1,...,𝑐𝑘 ⟩𝑘⋉𝔸𝑛−𝑘

𝛼𝑘

𝐽 𝑒𝑓 (𝑐1,...,𝑐𝑘 )⋉𝔸𝑛−𝑘

𝑓

⊛𝑛−𝑘

𝐽 ⟨𝑒𝑓 ,𝑐1,...,𝑐𝑘⟩𝑘+1

𝐽 𝑒𝑓 (𝑐1,...,𝑐𝑘 )
⊛𝑘



MCA, categorically (2/2)

An 𝔸-monomial is a morphism in 𝕂 (𝔸𝑛,𝔸) defined using only
projections, morphisms in ℂ (1,𝔸), and application ⊛, used in an
applicative order.

Definition
An applicative object 𝔸 is called a combinatory object when all positive
𝔸-monomials are 𝔸-computable.

Theorem
𝔸 is an MCA over 𝑀 iff if it is a combinatory object in Set𝑀 .
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